A description of the transition from the inflationary epoch to radiation domination requires the understanding of quantum fields out of thermal equilibrium, particle creation and thermalisation. This can be studied from first principles by solving a set of truncated real-time SchwingerDyson equations, written in terms of the mean field (inflaton) and the field propagators, derived from the 2PI effective action. We consider the dynamics of the inflaton coupled to a second quantum field, using a ϕ 2 χ 2 interaction, and focus on thermal effects. It is found that interactions lead to an earlier end of inflation and that the evolution after inflation depends on details of the heatbath. ‡
Introduction
Cosmological observations strongly suggest that a stage of accelerated expansion took place in the very early Universe [1, 2] . Such a stage is well described in terms of the dynamics of a scalar field, the inflaton φ(t) = ϕ(t, x) , slow-rolling in a suitable potential V [φ]. Classically, the inflaton equation of motion reads φ(t) + 3H(t)φ(t) + V ′ [φ(t)] = 0, (1.1)
with the Hubble rate determined by the Friedmann equation
where M pl is the Planck mass.
It is natural to assume that the inflaton is coupled directly or indirectly to the Standard Model fields and that after inflation, the energy stored in the inflaton is transfered to excitations of these fields. This can be realised through perturbative reheating [3, 4] or nonperturbative preheating [5, 6, 7, 8, 9, 10, 11, 12, 13] processes. Through scattering, the system eventually reaches thermal equilibrium and a radiation dominated Universe emerges. In quantum field theory, the inflaton evolution in real time is described by a Schwinger-Dyson equation,
φ(t) + 3H(t)φ(t) +
where t 0 = 0 is the initial time, taken as the starting point for the evolution. The nonlocal (self-energy like) term Σ φ (t, t ′ ) contains the interaction with quantum fields and is to be determined, either through some well-motivated ansatz or in terms of a systematic diagrammatic expansion.
Due to the interactions, one may expect a backreaction on the inflaton resulting in, e.g., a modified effective mass parameter and possibly friction. A phenomenological inflaton equation of motion incorporating this would bë Various approximations have been invoked to motivate Eq. (1.4) [14, 15, 16, 17, 18] . 1 Effective inflaton dynamics as described by Eq. (1.4) is important for warm inflation [15, 23] , in which it is assumed that particles created during inflation interact fast enough such that a quasi-stable nonvacuum state is reached.
φ(t) + [3H(t) + Υ(t)]φ(t) + V
For a mean field φ(t) undergoing small amplitude oscillations in a thermal background, an effective damping rate Υ is indeed generated, and it can be calculated perturbatively in a linear response treatment [24] . However, when the mean field displacement from equilibrium cannot be treated as a small perturbation, as in the case of a slow-rolling inflaton, things are less clear and a fully nonequilibrium treatment is required. This is even more the case if properties of the heatbath depend on the value of the mean field through interactions.
We will study aspects of this problem in a simple inflation model using the tools of nonequilibrium field theory, i.e. solving the Schwinger-Dyson equation (1.3) , as derived from truncations of the two-particle irreducible (2PI) effective action [25, 26] . In section 2 we introduce the basics of the model, and take the first simple steps to describe the dynamics of the mean field and field correlators. We improve our approximations in Section 3 and write down the Schwinger-Dyson equations to next-to-leading order in a coupling expansion of the 2PI effective action. We compare different levels of truncation, with some approximation schemes motivated by warm inflation. In Section 4 we then solve the lattice discretised integro-differential equations numerically without further approximations. We consider various scenarios and study in particular the role of thermal initial conditions for the two quantum fields in our model. Our findings are summarized in Section 5.
Model and mode function analysis
We consider a single inflaton ϕ coupled to a scalar field χ, defined through the action
1) The fields evolve in a flat FRW Universe, parameterised only by a scale factor a(t). The metric is specified by ds 2 = dt 2 − a 2 (t)dx 2 . Hence, the spatial derivatives are given by ∂ x /a(t), where x is co-moving. The Friedmann equation determines the evolution of the scale factor as
where T 00 is the energy density of matter. The inflaton mean field is homogeneous, ϕ(t, x) = φ(t), and set to some large value initially, φ(0) = φ 0 , prompting inflation. We take χ(t, x) = 0 for all times, consistent with the symmetries of the action.
Let us start by considering evolution for the free theory, g 2 = 0, in the classical limit. The equation of motion for φ is
with H given by
In the slow-roll limit,
2 pl , and we find
Assuming that inflation ends when the slow-roll parameter ǫ =
2 equals 1, we find that there is inflation when φ/M pl √ 2, irrespective of the value of m ϕ ; a given initial value φ 0 corresponds in the slow-roll approximaton to N e = [(φ 0 /M pl ) 2 − 2]/4 e-folds before the end of inflation. Let us now couple the χ field to this slow-rolling inflaton. We expand the quantum field as
where
and find that the mode functions f k (t) obey the equation
At this level the inflaton acts as a time-dependent mass,
. We now introduce a practical approximation that we will follow throughout this paper: we ignore the expansion of the Universe for the quantum fields (or modes functions) and put H = 0, a(t) = 1 in Eq. (2.8), while keeping Hubble friction in the mean field equation. This has the effect of emphasizing the role of scattering and energy transfer during inflation and maximises the backreaction of the quantum modes on the inflaton by omitting the effect of dilution and redshift. We hence consider the mode equation
2.1 WKB ansatz, adiabaticity and particle creation
As a first approximation it is instructive to introduce a WKB ansatz of the form [27] 
It is assumed that Ω k (t) > 0 for all t. Inserting this into Eq. (2.9) one finds that
In the adiabatic limit time derivatives are small and Ω k (t) ≈ ω k (t), such that
Therefore the adiabatic approximation is valid provideḋ
The (adiabatic) particle number is then given by
where n 0 k is the initial χ particle number present in mode k. This is the usual adiabatic result: particle creation is controlled by the rate of changeω k /ω 2 k [27] . However, the absence (or suppression) of particle creation does not mean that equal-time correlators are constant. We define 17) and find from the expressions above that
Therefore we find that this equal-time correlator grows in time, with a time dependence directly determined by the time dependence of the inflaton, since ω k (t) ∼ φ(t) for small k. Similarly, the (unrenormalized) energy density in the χ modes, 19) decreases in time as φ(t) rolls down.
Exact solution
In certain inflaton backgrounds, the mode equation (2.9) can be solved in closed form. In Ref. [28] , we considered exponential time dependence φ(t) ∼ e −γt/2 (or δm 2 (t) ∼ e −γt ) and found the analytical solution in terms of Bessel functions.
2
We now perform a similar calculation for a slow-rolling inflaton in a φ 2 potential, where φ(t) given by Eq. (2.5).
It is useful to define 20) and write
We find that h k (t) satisfies
where 
The solution reads
where H ν (x) is a Hermite function and 1 F 1 (α, β, γ) is Kummer's confluent hypergeometric function [29] . The coefficients A k and B k are determined by the initial conditions,
27) 
for free evolution of the χ modes in the inflaton background. Shown are the numerically determined evolution in the exact (full) and the slow-roll (dashed) background, as well as in the adiabatic approximation (long-dashed). The inset shows the inflaton during the exact evolution (full) and in the slow-roll approximation (dashed).
)
k . To analyse the interplay between φ(t) and the equal-time correlator G χ in detail, we consider the following combination
which appears in the inflaton equation of motion after the back-reaction is included, is convenient in the numerical analysis and also avoids the quadratic divergence at large k. In Fig. 1 we show this equal-time correlator for the various approximations we have discussed so far. The initial state is in vacuum, n 0 k = 0. The initial value of the inflaton is φ 0 /M pl = 10 > √ 2, ensuring an extended slowroll stage. We show the numerically determined evolution in the exact inflaton background determined by Eqs. (2.3,2.4), in the slow-roll inflaton background (2.5), and in the adiabatic approximation. In the inset the time evolution of the inflaton is shown, determined by solving Eqs. (2.3,2.4) numerically and in the slow-roll approximation. In the latter the evolution is stopped when φ(t) reaches zero; φ(t) is kept constant at zero from then on.
We find the scenario alluded to above: during inflation the inflaton φ(t) and hence the effective χ mode energies ω k (t) decrease. As a result the equal-time correlator (2.33) increases in time. As we address below, this in turn affects the inflaton dynamics once the quantum back-reaction is taken into account. The sharp increase of this correlator during inflation is described very well in the adiabatic approximation. Therefore it does not correspond to a large amount of particle production.
Quantum back-reaction
Corrections to the classical inflaton equation of motion arise from quantum and possibly thermal back-reaction effects. These can be deduced from taking the expectation value of the Heisenberg operator equation of motion, yielding
The last term can be expanded in terms of connected correlators,
where we assumed again that χ(x) = 0 for all times and wrote ϕ(x) = φ(t).
In this section we discuss various approximations to deal with the connected three-point function.
Hartree approximation
In the Hartree approximation, the connected three-point function is neglected and only one-and two-point functions are preserved (Gaussian approximation) [30] . In that case the back-reaction of the χ modes on the inflaton manifests itself as a time-dependent mass and we find
During inflation, φ(t) decreases. As we have seen in the previous section, this causes χ 2 (x) to increase, such that the effective inflaton potential becomes steeper. As a result the inflaton will accelerate and is driven away from slow-roll.
As is well known [30] , the Hartree approximation as discussed here is the generalization to time-dependent systems of the standard approach based on the one-loop effective potential in equilibrium. In thermal equilibrium, after integrating out the χ field, one finds that
where ω n = 2πnT (n ∈ Z) are the Matsubara frequencies. One finds that
where in equilibrium χ 2 (x) is time-independent and, after performing the Matsubara sum, given by
Here n B (ω) = 1/(exp(ω/T ) − 1) is the Bose distribution. Out of equilibrium, the evolution of the quantum fluctuations can be determined self-consistently in the Gaussian approximation in terms of the ϕ and χ propagators as 8) with the effective masses
Here we defined the time-ordered propagators as
and similar for G χ (t, t ′ ; k). We used translation invariance in space. Time ordering is along the Schwinger-Keldysh contour C; see below for more details.
The self-consistent set of Hartree equations can easily be solved numerically. As discussed in Sec. 2, we have ignored the Hubble friction term (3H∂ t ) and the redshift (1/a 2 (t)) in the propagator equations of motion. 
Perturbative approximation
Before going beyond the Hartree approximation, we take a step back and include the effect of the time-dependent inflaton on the evolution of G χ in a perturbative manner, rather than self-consistently. This approach is indicated in Fig. 2 : while in the Hartree approximation all φ 2 insertions are summed nonperturbatively, in the perturbative setup only a single φ 2 insertion is preserved. 3 To obtain this, we write 12) and solve Eq. (3.8) formally order by order in g 2 . In order to avoid large corrections due to the initial large expectation value of the inflaton field, we write 13) and treat g 2 ∆φ 2 (x) as the perturbation. The expansion is therefore expected to be valid for early times only. We also ignore fluctuations of the inflaton field, since G ϕ (x, x) ≪ φ 2 0 after renormalization. In terms of the free inverse propagator, G
we find the series of equations
etc. The formal solution of the second equation can be written as (see Fig. 2 )
To first order in this expansion the mean field equation of motion then reads [33]
To make the time dependence explicit, we write the propagator along the SchwingerKeldysh contour in terms of the statistical and spectral components [34] 20) and find
with the kernel
In the Appendix we discuss a further approximation to these equations, using a derivative expansion. However, we do not use the equations presented there in the numerical analysis below. Instead, we will solve Eq. (3.21) numerically, and compare it to other approximations. In order to do this, we need to choose a propagator for the memory kernel (3.22) . We take the simplest perturbative ansatz
depending on the initial energiesω
One may think of more elaborate ansätze for these propagators and include e.g. more thermal effects as well as the effect of scattering and decay processes [16, 33] . However, we prefer to discuss this in a systematic approach and employ the 2PI effective action to consider extensions beyond the mean field approximation.
2PI expansion at weak coupling
In order to systematically go beyond the Hartree approximation, we use a formalism that allows for consistent truncations of the Schwinger-Dyson hierarchy: the two-particle irreducible (2PI) effective action. The 2PI effective action is a functional written in terms of the mean field φ and the propagators G ϕ , G χ [25] , are the free inverse propagators, 27) and Γ 2 is the sum of all two-point-irreducible diagrams, depending on full propagators and the mean field φ via the three-point vertex g 2 φϕχ 2 . We follow the notation of Ref. [35] . The series of diagrams in Γ 2 can be truncated, with each set of diagrams corresponding to an approximation to the full theory. In a weakcoupling expansion we include (see Fig. 3 ),
We have ignored the three-loop diagram that is ∼ g 8 φ 4 . Since all g 2 φ 2 insertions are resummed already at the Hartree level, the truncation we use here formally amounts to assuming that g 2 φ is small, but with no constraints on g 2 φ 2 . Convergence properties of the 2PI coupling expansion were briefly discussed in Ref. [24] , and for the 1/N expansion in the O(N) model in Refs. [36, 37] .
The equations of motion result from taking the functional derivatives,
After writing the contour propagators and self energies in terms of the statistical and spectral components, we find the standard equations [34, 35, 38 ]
30)
The nonlocal self-energies originate from diagrams b) and c) and are easiest written in real space. They are
and
The mean field equation is given by
with M 2 φ (t) = M 2 ϕ (t) and
Finally, we have to discuss the Friedmann equation (1.2) for H(t). Here we follow our approach of treating the mean field in an FRW background and the propagators in Minkowski space and take as the energy density appearing in Eq. (1.2) the tree-level inflaton contribution only,
In this way we are able to have a slow-rolling inflaton and at the same time maximize the possibility to quantify the effect of interactions on the slow-rolling. Any difference in the evolution of the inflaton between the various approximations we have introduced will be a direct result of the interactions, rather than because of a change in H(t). We are not presenting a full numerical solution to inflationary dynamics here, but instead focus on the role of interactions during and after inflation. Note that in this way renormalisation of the energy-momentum tensor can be avoided.
Numerical analysis
In order to solve the set of coupled integro-differential equations presented in the previous sections, the system is discretized on a space-time lattice with spatial lattice spacing a s and temporal spacing a t . The resulting discretized 2PI equations are solved numerically, see Refs. [38, 26, 24] and references therein for details. The initial density matrix is taken to be Gaussian, such that only the one-and two-point functions need to be initialized. For the one-point functions we takeφ(0) = 0 but a large initial φ(0) = φ 0 = 10M pl . For the two-point functions we use
where the initial mode energy is 4) and the initial particle number is
Approximation 4) is used since it mimics the case considered in Ref. [33] , where the mean field equation includes the (perturbatively expanded) Hartree term, but with a dressed χ propagator. Including the basketball diagram c) amounts to dressing the χ and ϕ propagators with the sunset self-energy; this affects the mean field only via the equal-time χ propagator. Comparing 4) and 5) also gives the possibility to assess whether a given effect originates from diagram b) or c).
We now explore different scenarios and vary the initial "temperatures" T χ/ϕ . Explicitly, we take vacuum initial conditions (T χ/ϕ = 0), partly thermal conditions (T χ/ϕ = 0, T ϕ/χ = 0), and thermal conditions (T χ/ϕ = 0).
Vacuum initial conditions
We initialise the system with vacuum propagators in both the χ and the ϕ sectors, T χ = T ϕ = 0. This is the relevant initial condition if we expect inflation to have strongly diluted all matter in the Universe, and all memory of the initial conditions have been lost. In order to heat the Universe, we require reheating (after inflation) or dissipation effects (during inflation) to create particles.
In Fig. 4 (top) the mean field evolution in time is presented, starting in all cases from φ 0 /M pl = 10 with vacuum propagators. Note that the plot only shows the evolution when φ(t)/M pl < 4 (or m ϕ t 7); for larger values of φ the slow-roll approximation is very accurate. The evolution in various approximations is shown: slow-roll, free, and perturbative, and the 2PI approximations corresponding to the diagrams of Fig. 3 : diagram a) (Hartree approximation), diagrams a) and c) (no pippi), and diagrams a), b) and c) (full). The slow-roll and free result agree initially, but start to deviate somewhat when m ϕ t ≃ 7. Slow-roll ends around φ ≃ √ 2M pl , or m ϕ t ≃ 10. When including back-reaction, the three approximations a), a)+c), and a)+b)+c) are practically indistinguishable, but they differ from the free case. This is due to the time-dependent effective mass
, which increases in time and causes the inflaton to roll down faster. The time-dependent part of the inflaton mass is shown in Fig. 4 (bottom) in the form of the subtracted equal-time χ 2 correlator, χ 2 (t, x) − χ 2 (0, x) . Here, all approximations behave in the same way, and approach the result predicted by the adiabatic approximation, indicated by the horizontal dotted line. The odd one out is the perturbative approximation, which can only be trusted for times shorter than, say m ϕ t ≃ 2. This also explains why the mean field evolution in the perturbative approximation is much closer to the free one; the back-reaction on the inflaton is too small.
We find that the evolution is so slow that little departure from adiabaticity is observed and very few particles are created. It is therefore perhaps not surprising that no dissipative effects are seen, and that the Hartree approximation catches all the main features. Figure 4 : Evolution of the inflaton (top) and the equal-time χ 2 correlator (bottom) in the case of vacuum initial conditions, T χ = T ϕ = 0. The various approximations are slow-roll, free, perturbative, diagram a) (Hartree approximation), diagrams a) and c) (no pippi), and diagrams a), b) and c) (full) of Fig. 3 . The evolution in the latter three cannot be distinguished. In the bottom figure the dotted line indicates the asymptotic result in the adiabatic approximation. 
Thermal initial conditions for the χ field
We now consider the scenario where the χ propagator is initially at finite temperature, T χ /M pl = 4, but the ϕ propagator remains in vacuum, T ϕ = 0. This mimics the case when particle creation has been going on for a while in the χ propagator, but has not yet trickled down into the ϕ propagator. In this context, the ϕ propagator modes can be thought of as light particle degrees of freedom into which the heavy χ excitations, with M χ ∼ gφ(t), may decay. This is motivated by the scenario where additional species are coupled to the χ sector [45, 28] . If dissipative effects are important, these should show up via the nonlocal diagrams in the propagator and the mean field equation of motion.
In an expanding background, the particles would be redshifted away during inflation, unless sourced by particle creation from the inflaton rolling. By ignoring the expansion in the propagator equation of motion, we keep the initial and any subsequently produced particles, favouring dissipative effects. We note, that as the χ particles are very heavy initially, the initial particle numbers are very small, n
In Fig. 5 we show the mean field evolution (top) and χ 2 correlator (bottom) for this case. The results are very similar to the ones discussed above, although the back-reaction is stronger due to the χ heatbath, causing the inflaton to roll down slightly faster.
We find therefore that the particles present in the χ sector influence the evolution of the χ propagator and the inflaton field very little. 
Thermal initial conditions for the ϕ field
In the next scenario we initialise the ϕ propagator in thermal equilibrium, with T ϕ /M pl = 4, and keep the χ sector in vacuum, T χ = 0. This mimics the scenario of Ref. [45] , where integrating out the ϕ degrees of freedom is expected to yield a finite width for the χ particles. In this case particle numbers are of order n
, so a significant heatbath is present. As long as the χ mass is larger than the ϕ mass, one may except the heatbath to provide effective damping and a thermal mass. If the coupling is strong enough, the χ sector may thermalise as well. At the end of inflation, when M χ (t) < m ϕ , the ϕ particles in the heatbath may potentially decay directly into χ excitations.
The results for these initial conditions are shown in Fig. 6 . The most striking effect is the change to theχ 2 correlator. The presence of the ϕ particles affects the evolution in those approximations that are sensitive to scattering in the heatbath, i.e. the approximations that contain the nonlocal diagrams b) (pippi) and c) (basketball). The Hartree approximation does not incorporate decay or scattering and cannot be applied to this part of the evolution. The fact that both approximations a)+c) and a)+b)+c) show the growingχ 2 correlator indicates that it is mostly due to the presence of the basketball diagram. We note that the effect is largest after inflation ends, but is visible during the latter part of the inflationary evolution as well. The mean field evolution is very close to the one with vacuum initial conditions, indicating that the ϕ heatbath does not significantly backreact on the inflaton evolution using the χ modes as intermediaries. It should be noted that the perturbative approximation does not know about the ϕ propagator, and so is identical to the case with vacuum initial conditions.
Thermal initial conditions for both fields
As the final case, both fields are initialized in thermal equilibrium, with T χ /M pl = T ϕ /M pl = 4. This should further enhance the effects of the nonlocal diagrams and mimics the case when interactions are strong enough that the whole system is in equilibrium. The results are shown in Fig. 7 and are very similar to the case just discussed above. The heatbath of ϕ particles affects the χ modes mostly after the end of inflation, where energy transfer from the ϕ to χ sector is effective. On the other hand, the heatbath of χ particles makes the effective inflaton mass larger than in vacuum, which causes φ to roll down slightly faster. The nonlocal diagrams b) and c) become essential towards the end of inflation.
For completeness, we note that full equilibration and thermalization takes place on much longer time scales. This has been studied in detail using the loop expansion we used here in Ref. [46, 24, 47] . Again the inclusion of diagrams b) and c) are essential for this. 
Conclusions
The main goal of this work was to apply techniques of out-of-equilibrium quantum field theory to the problem of interacting quantum fields during and after inflation. Although this topic has a long history, a number of assumptions, approximations and ansätze are usually invoked along the way. Here we have employed a systematic formulation based on the loop expansion of the 2PI effective action. We considered a model where the inflaton field ϕ is coupled to a second scalar field χ via a ϕ 2 χ 2 interaction. In order to separate the question of dissipation and particle creation during slow-roll from the dilution in rapidly expanding spacetimes, we have treated the quantum modes in Minkowski space but preserved the Hubble friction term in the inflaton equation of motion. In this setup the inflaton rolls slowly at the early stages, after which a smooth transition to the reheating phase is made. It also allowed us to bypass technical issues regarding the numerical solution and renormalisation in expanding space-times.
We have studied several scenarios, corresponding to vacuum and thermal initial conditions in the ϕ and/or χ sector. The feature dominating the dynamics arises from the interplay between the inflaton field and the equal-time χ 2 correlator. During inflation, the χ 2 correlator increases significantly which results in an increasing effective inflaton mass. This effect is not important during the slowroll stage, but eventually the increasing inflaton mass drives the evolution away from slow-roll and ends inflation earlier than in the absence of interactions. We found that this is the main source of back-reaction on the inflaton. It is already included at the level of the Hartree approximation and is well reproduced by the adiabatic approximation. The presence of the heatbaths affects the later stages of the evolution in various ways. A heatbath of χ particles mainly speeds up the end of inflaton, since it results in a larger effective inflaton mass. A heatbath of ϕ particles is important for the evolution of the χ modes, due to the possibility of creating χ particles from ϕ particles. This effect is important mostly at the end of and after inflation. In this case it is essential to include nonlocal diagrams beyond the mean field/Hartree approximation, which fails to capture this effect. In all scenarios the perturbative approximation was found to not perform very well and to be at best qualitatively valid for very early times, even in the slow-roll regime.
Particle creation and thermal back-reaction effects are crucial in warm inflation. We believe that the scenario would benefit from being recast in the 2PI formalism, since in that case no quasi-particle or equilibrium assumptions would have to be imposed on the propagators. Also, the 2PI expansion systematically includes all the scattering and dissipation effects relied upon in warm inflation. For the parameter values used in this work, we did not reach a warm inflation regime.
2PI resummed equations of motion have been successfully applied to reheating dynamics [48, 13] . There is still the issue of the numerical implementation in expanding backgrounds, addressed in Refs. [49, 50, 51] . Clearly, a complete description of inflationary dynamics requires this to be resolved.
A Derivative expansion
After performing the perturbative expansion as described in Sec. 3.2, the effective inflaton equation of motion is given by One may now consider performing an additional approximation and assume that φ is slowly varying (see e.g. Refs. [31, 32, 33] As a result, the inflaton equation, φ(t) + 3H(t) + H 2 (t)φ 2 (t) φ (t) + M 2 φ (t) − H 1 (t)∆φ 2 (t) φ(t) = 0, (A.5)
contains an additional friction term Υφ with Υ(t) = H 2 (t)φ 2 (t) as well as a φ 3 (t) contribution (note that ∆φ 2 (t) < 0). For the perturbative propagators introduced in Sec. 3.2 we find explicitly H 1 (t) = g The coefficient in the friction term H 2 is secular and grows linearly in time. The secularity may go away when propagators which include higher order effects (such as a thermal width due to scattering) are employed, rather than the perturbative propagators. However, we note that the original Hartree approximation and the perturbative approximation are not secular. In fact, the Hartree approximation is time-reversal invariant and has an infinite set of conserved quantities [39] . The secularity is therefore due to the expansion in Eq. (A.2), which is only valid for very short times. 6 We will not make use of Eq. (A.5) in this paper.
